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SRB MEASURES FOR PARTIALLY HYPERBOLIC FLOWS WITH
MOSTLY EXPANDING CENTER
ZEYA MI, BIAO YOU, AND YUNTAO ZANG
Abstract. We prove that a partially hyperbolic attractor for a C1 vector field with
two dimensional center supports an SRB measure. In addition, we show that
if the vector field is C2, and the center bundle admits the sectional expanding
condition w.r.t. any Gibbs u-state, then the attractor can only support finitely
many SRB/physical measures whose basins cover Lebesgue almost all points of
the topological basin. The proof of these results has to deal with the difficulties
which do not occur in the case of diffeomorphisms.
1. Introduction and main results
In the 1960s and 1970s, Sinai, Ruelle and Bowen [36, 9, 35, 8] systematically
studied the chaotic behaviors on uniform hyperbolic systems by using statistical
mechanics and smooth ergodic theory. The central idea is the construction of a
natural invariant measure called SRB measures(see [38]). The existence and finite-
ness of SRB measures for uniformly hyperbolic systems are well understood. Re-
searchers then focus on more general settings like partially hyperbolic systems and
other non-uniformly hyperbolic systems. There are various non-uniform condi-
tions that are proposed to get the existence and finiteness of SRB measures (see
e.g. [4, 11, 3, 13, 5, 21, 27, 6, 1]) both on diffeomorphisms and flows. In this
paper, we are interested in the problem on the existence and finiteness of the SRB
measures for partially hyperbolic flows when the center bundle has low dimension
or admits some hyperbolicity.
Let φ be the flow generated by a C1 vector field X on a compact Riemannian
manifold M. A Borel probability measure µ is φ-invariant if µ(φt(A)) = µ(A) for
every measurable subset A and t ∈ R. Roughly speaking, we say a probability
measure is an SRB measure if it is a φ-invariant measure with entropy being equal
to the sum of its positive Lyapunov exponents (see Definition 2.1).
We mainly study the existence and finiteness of SRB measures supported on
attractors. A compact subset Λ ⊂ M is an attractor if there exists an open neigh-
borhood U of Λ such that φt(U) ⊂ U for every t ≥ 0 and Λ = ⋂t≥0 φt(U).
Theorem A. Let X be a C1 vector field on a compact manifold M, and let Λ be an
attractor with a partially hyperbolic splitting TΛM = Ess⊕Ec⊕Euu. If dim Ec = 2,
then there is an SRB measure supported on Λ.
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2 ZEYA MI, BIAO YOU, AND YUNTAO ZANG
For partially hyperbolic systems with one dimensional center, it was showed by
Cowieson-Young [14] and Crovisier-Yang-Zhang [15] that any attractor admits an
SRB measure. Theorem A suggests that the condition of one dimensional cen-
ter bundle for diffeomorphisms can be relaxed to two dimensional center bundle
for flows. Different to [14], where they use the tool of random perturbations, we
mainly borrow some ideas from [15] on the argument of dominated entropy for-
mulas.
Let φ be the flow generated by a C1 vector field X. A φ-invariant probability
measure µ is called a physical measure if its basin
B(µ) =
{
x ∈ M : lim
T→∞
1
T
∫ T
0
δφt(x)dt = µ
}
has positive Lebesgue measure. SRB measures are sometimes expected to be phys-
ical. A well-known fact is that any ergodic hyperbolic SRB measure is a physical
measure when the vector field X is C2.
We will also study the finiteness of SRB/physical measures for partially hyper-
bolic flows, for this we will add some hyperbolicity of the center bundle.
Let φ1 be the time one map of the flow φ. Assume that Λ is a partially hyperbolic
attractor exhibiting strong unstable direction Euu. Let hµ(φ1,F u) be the entropy
along unstable foliation. For more detail, see Definition 2.4. A good candidate of
SRB measures in many systems is called Gibbs u-state.
Definition 1.1. An invariant probability measure µ is called a Gibbs u-state if
hµ(φ1,F u) =
∫
log | det Dφ1|Euu |dµ.
Let us remark that this kind of definition of Gibbs u-state was proposed by pre-
vious works [15, 28]. By [19], when the system is C2, µ is a Gibbs u-state iff the
conditional measures of µ along strong unstable manifolds are absolutely continu-
ous w.r.t. the Lebesgue measures. The latter property is the original definition of
Gibbs u-states introduced by [29].
We next propose a non-uniform condition on Gibbs u-states.
Definition 1.2. Let E be an invariant sub-bundle of TΛM. We say that E is Gibbs
sectional expanding if dimEc > 1 and for every Gibbs u-state µ supported on Λ,
we have
lim
t→+∞
1
t
log
∣∣∣detDφt|Lx ∣∣∣ > 0
for every two-dimensional subspace Lx ⊂ Ex and µ-almost every x.
Note that the above limit exists by Oseledets theorem [18, Theorem S.2.9]. Un-
der the condition of Gibbs sectional expanding on the center bundle, we can show
the finiteness of SRB/physical measures.
Theorem B. Let φ be a C2 flow on a compact manifold M and let Λ be an attractor
with a partially hyperbolic splitting TΛM = Ess ⊕ Ec ⊕ Euu. Assume that Ec is
Gibbs sectional expanding. Then there are finitely many physical measures (which
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are SRB) supported on Λ and their basins cover a full Lebesgue measure subset of
the topological basin B(Λ)1 of Λ.
When φ is transitive, then we get the uniqueness of SRB (physical) measures.
Corollary A. Under the assumption of Theorem B, if we assume that φ is transitive
on Λ, then there exists a unique SRB measure (which is physical) supported on Λ,
whose basin covers a full Lebesgue measure subset of the topological basin B(Λ).
The Gibbs sectional expanding condition may be seen as a local version of the
usual sectional expanding condition in the definition of singular hyperbolic attrac-
tor(see [25, 39]). The existence and finiteness of physical measures for singular
hyperbolic attractors has been obtained earlier in [3, 21, 1] under different settings.
We emphasize that for singular hyperbolic attractors, the main difficulty is the pos-
sibility of existence of singularities, which is different to ours(see Lemma 3.4).
Indeed, the Gibbs sectional expanding condition is much similar to the mostly
expanding condition on partially hyperbolic diffeomorphisms, where it requires
that every Gibbs u-state admits only positive central Lyapunov exponents. For
mostly expanding diffeomorphism, in the previous works [6, 27], the authors have
proved the finiteness of physical measures.
The key idea of establishing the finiteness of physical measures in Theorem B
is to show the existence of ‘typical Pesin unstable manifolds’ with uniform (lower)
size in which Lebesgue almost every point belongs to the basin of the correspond-
ing ergodic physical measures. This is done for diffeomorphisms considered in
[6, 27] by iterating some special disks tangent to the center unstable direction. Due
to the involvement of flow direction, we cannot achieve this goal just by studying
the time one map of the flow. In contrast to the previous strategy, we use the ar-
gument on periodic approximation and some uniform estimate on central direction
to find hyperbolic periodic orbit γα w.r.t. each (ergodic) physical measure µα such
that
• each γα is homoclinically related µα-typical points;
• the unstable manifolds of these periodic orbits admit uniform size.
This implies the existence of typical unstable manifolds with uniform size. Let us
remark that the philosophy of using hyperbolic periodic orbit to analyze physical
measures appears in recent works for the case of diffeomorphism (see e.g. [32, 16,
37, 28]).
Acknowledgements. We would like to express our gratitude to Prof. Dawei
Yang for his instructive and useful suggestions. We also thank Jinhua Zhang and
Rui Zou for many helpful discussions.
1B(Λ) = {x : ω(x) ⊂ Λ}, where ω(x) is ω-limit set of x.
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2. Preliminary
Throughout this section, X denotes a C1 vector field on a compact Riemannian
manifold M. Let φ be the flow generated by X. A point σ ∈ M is called a sin-
gularity of X if X(σ) = 0. Denote by Sing(X) the collection of singularities of
X.
2.1. Lyapunov exponents and SRB measures. A subset A is called φ-invariant
if φt(A) = A for any t ∈ R. One says that a φ-invariant measure µ is ergodic if any
φ-invariant measurable subset has µ-measure one or zero.
Given a φ-invariant measure µ, the Oseledets theorem states that for µ-almost
every point x, there exist k = k(x) ∈ N, finitely many real numbers λ1(x) < λ2(x) <
· · · < λk(x), and a measurable (w.r.t. x) invariant splitting
TxM = E1(x) ⊕ · · · ⊕ Ek(x)
such that for every 1 ≤ i ≤ k,
lim
t→±∞
1
t
log ‖Dφt(x)(v)‖ = λi(x), ∀ v ∈ Ei(x) \ {0}.
These numbers λ1(x) < λ2(x) < · · · < λk(x) are called the Lyapunov exponents
of µ at x. Note that if µ is ergodic, then the Lyapunov exponents are constant for
µ-almost every x. It can be easily showed that the Lyapunov exponents w.r.t. φ
above are indeed, equal to Lyapunov exponents w.r.t. the diffeomorphism φ1(the
time one map of φ).
Let hµ(φ) := hµ(φ1) be the metric entropy of µ w.r.t. φ.
Definition 2.1. We say a φ-invariant measure µ is an SRB measure if
hµ(φ) =
∫ ∑
λ+(x)dµ(x),
where
∑
λ+(x) is the sum of all the positive Lyapunov exponents counted with mul-
tiplicity.
The following classical Ruelle inequality provides a connection between entropy
and Lyapunov exponents.
Lemma 2.1. [34, Theorem 2] Let µ be a φ-invariant measure, then
hµ(φ) ≤
∫ ∑
λ+(x)dµ(x).
Remark 2.2. In particular, if µ is an ergodic measure, the integral in the right
side of the inequality above can be removed (because the Lyapunov exponents of
an ergodic measure are constant for almost every x).
The following is a flow version of the classical ergodic decomposition theorem.
It is parallel to the discrete-time version which can be found in the book [23, Chap-
ter II.6].
Proposition 2.3. Let φ be a C1 flow on a compact manifold M. There exists a
measurable subset Σ ⊂ M with total measure (µ(Σ) = 1, for any invariant measure
µ) such that
SRB MEASURES FOR PARTIALLY HYPERBOLIC FLOWS 5
• for every x ∈ Σ, the measure
ηx = lim
T→+∞
1
T
∫ T
0
δφs(x)ds
is well defined and ergodic;
• every φ-invariant measure has the ergodic decomposition:
µ =
∫
Σ
ηxdµ.
2.2. Partially hyperbolic flows. We say a compact φ-invariant subset Λ admits a
dominated splitting if there is a Dφt-invariant continuous splitting TΛM = E ⊕ F
and two constants C > 0, λ > 0 such that
‖Dφt|Ex‖· ‖ Dφ−t|Fφt (x)‖ ≤ Ce−λt, ∀ t > 0,∀ x ∈ Λ.
In this case, we call F dominates E, and denote it by E ⊕≺ F.
Now we give the definition of partial hyperbolicity.
Definition 2.2. We say a compact invariant subset Λ admits a partially hyperbolic
splitting if there is a Dφt-invariant continuous splitting
TΛM = Ess ⊕ Ec ⊕ Euu
such that
• Euu dominates Ec ⊕ Ess and Ec ⊕ Euu dominates Ess,
• Ess is uniformly contracting and Euu is uniformly expanding, i.e., there are
two constants C > 0 and λ > 0 such that for any x ∈ Λ and t > 0,
– ‖Dφt(v)‖ ≤ Ce−λt‖v‖, ∀v ∈ Ess,
– ‖Dφ−t(v)‖ ≤ Ce−λt‖v‖, ∀v ∈ Euu.
Remark 2.4. Write Ecs = Ec⊕Ess, Ecu = Ec⊕Euu. Ecs is called the central stable
direction and Ecu is called the central unstable direction. Note by definition that if
the flow has no singularity, then the flow direction (i.e., < X >) must be contained
in Ec.
2.3. Entropy along unstable foliation. In this subsection, we introduce the defi-
nition of the entropy along unstable foliation.
Let Λ be an attractor with partially hyperbolic splitting TΛM = Ecs ⊕≺ Euu.
We denote the strong unstable manifold at x ∈ Λ by Wuu(x). The strong unstable
lamination on Λ is denoted by
F u = {Wuu(x), x ∈ Λ}.
Definition 2.3. Assume that µ is an invariant probability measure supported on Λ.
A measurable partition α is µ-subordinate to F u, if for µ-a.e. x,
• α(x) ⊂ Wuu(x),
• α(x) contains an open neighborhood of x inside Wuu(x) w.r.t. the intrinsic
topology on Wuu(x).
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Remark 2.5. For the definition of measurable partition and its conditional mea-
sures, see [33]. The existence of subordinate partitions is showed in [20].
Definition 2.4. The entropy of µ along the unstable foliation F u is defined by
hµ(φ1,F u) = hµ(φ1, α)
where α is a measurable partition µ-subordinate to F u and φ1 is the time one map
of the flow φ.
Remark 2.6.
• It is showed in [20] that hµ(φ1,F u) does not depend on the choice of sub-
ordinate partitions. Hence the definition above is well defined.
• By definition, hµ(φ1,F u) ≤ hµ( f ) where hµ( f ) is the entropy of µ.
3. Existence of SRB measures
The proof of Theorem A will be given in this section. To begin with, let us state
the following two results. They establish the entropy formulas with respect to limit
measures generated by the iterations of Lebesgue almost every point.
For each x ∈ M, take
M(x) =
{
µ : ∃ Tn → ∞ such that µ = lim
n→∞
1
Tn
∫ Tn
0
δφt(x)dt
}
.
Lemma 3.1. [15, Theorem C] Assume that φ is a flow generated by a C1 vector
field X. If an attractor Λ of φ has a partially hyperbolic splitting
TΛM = Ess ⊕ Ec ⊕ Euu,
then for Lebesgue almost every point x of B(Λ), and for any µ ∈ M(x), we have
(3.1) hµ(φ1,F u) =
∫
log | det Dφ1|Euu |dµ,
Lemma 3.2. [15, Theorem F] Assume that φ is a flow generated by a C1 vector
field X. If Λ is an attractor of φ exhibiting dominated splitting TΛM = E ⊕≺ F,
then for Lebesgue almost every point x of B(Λ), and for any µ ∈ M(x), we have
(3.2) hµ(φ1) ≥
∫
log | det Dφ1|F |dµ.
Given an attractor Λ ⊂ M for the flow φ, use M(φ,Λ) denotes the set of φ-
invariant probability measures supported on Λ.
Lemma 3.3. [15, Corollary 2.15] Let φ be the flow generated by a C1 vector field
X, and let Λ be an attractor of φ with partially hyperbolic splitting
TΛM = Ecs ⊕ Euu.
Then the set
Mu =
{
µ ∈ M(φ,Λ) : hµ(φ1,F u) =
∫
log | det Dφ1|Euu |dµ
}
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is convex and compact. A measure belongs toMu iff each of its ergodic components
does.
Lemma 3.4. Let φ be the flow generated by a C1 vector field X. If Λ is an attrac-
tor for φ with partially hyperbolic splitting TΛM = Ecs ⊕≺ Euu, then there is no
singularity on Λ.
Proof. Going by contradiction, we assume that there is a singularity σ on Λ, then
σ has a splitting
TσM = Ecs ⊕ Euu.
Therefore, the strong unstable manifold Wuu(σ) of σ is tangent to Euu(σ). Since Λ
is an attractor, Wuu(σ) ⊂ Λ. Take a point x ∈ Wuu(σ) \ {σ}, then the invariance of
Wuu(σ) gives
φt(x) ∈ Wuu(σ) \ {σ}, ∀t ∈ R.
This shows that the orbit of x is in Wuu(σ) (see Figure 1). In particular,
Figure 1. strong unstable manifold of singularity
X(x) ∈ TxWuu(σ) = Euu(x).
Since X is C1, there exists a constant C > 0 such that for any x ∈ M, we have
‖X(x)‖ ≤ C. Then
(3.3)
‖X(φt(x))‖
‖X(x)‖ ≤
C
‖X(x)‖ < ∞.
Since X(φt(x)) = DφtX(x) and X(x) ∈ Euu(x), there exists λ > 0 such that for any
t > 0, we have
‖X(φt(x))‖ ≥ eλt‖X(x)‖.
This implies that ‖X(φt(x))‖‖X(x)‖ is unbounded as t → ∞, whis is a contradiction to (3.3).
Therefore, there is no singularity on Λ. 
Lemma 3.4 together with a recent work [24, Theorem D] implies the following
interesting result.
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Corollary 3.5. Let X be a C1 vector field on a compact manifold M and let Λ be
an attractor with a partially hyperbolic splitting TΛM = Ess ⊕ Ec ⊕ Euu. Assume
dim Ec = 2, then φ1 is entropy expensive2.
Proof. Assume that φ is a flow generated by X with partially hyperbolic splitting
T M = Ess⊕Ec⊕Euu, dim Ec = 2. According to Rolda´n-Saghin-Yang [24, Theorem
D], if φ does not have singularities, then φ1 is entropy expansive. On the other
hand, Lemma 3.4 guarantees that there is no singularity on M. Thus we complete
the proof of Corollary 3.5. 
3.1. Proof of Theorem A. Theorem A is a direct consequence of the following
result.
Theorem 3.6. Let φ be the flow generated by C1 vector field X on M, assume that
Λ is an attractor of φ with a partially hyperbolic splitting
TΛM = Ess ⊕ Ec ⊕ Euu, dim Ec = 2.
For Lebesgue almost every point x of B(Λ) and for any µ ∈ M(x), µ has an ergodic
component which is an SRB measure. More precisely, we have
• µ is a Gibbs u-state;
• If each ergodic component of µ has only non-negative center Lyapunov
exponents, then µ itself is an SRB measure;
• If some ergodic component of µ has non-positive center Lyapunov expo-
nents, then this ergodic component is an SRB measure.
Proof. Let Ω ⊂ B(Λ) be the full Lebesgue measure set given by Lemma 3.1 and
Lemma 3.2. Then for every x ∈ Ω, each µ ∈ M(x) satisfies the following entropy
formulas
(3.4) hµ(φ1,F u) =
∫
log | det Dφ1|Euu |dµ
(3.5) hµ(φ1) ≥
∫
log | det Dφ1|Ec⊕Euu |dµ.
If any ergodic component of µ has only non-negative center Lyapunov exponents,
then ∫ ∑
λ+(z)dµ(z) =
∫
log | det Dφ1|Ec⊕Euu |dµ.
Combining this with (3.5) one gets
hµ(φ1) >
∫
log | det Dφ1|Ec⊕Euu |dµ =
∫ ∑
λ+(z)dµ(z).
By Lemma 2.1, we know
hµ(φ) = hµ(φ1) ≤
∫ ∑
λ+(z)dµ(z).
2φ1 is entropy expansive if there exists ε > 0 such that supx∈M htop(φ1, B∞(x, ε)) = 0, where
B∞(x, ε) =
⋂∞
n=0 φ−n(B(φn(x), ε)).
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Consequently, we obtian
hµ(φ) =
∫ ∑
λ+(z)dµ(z).
Hence, µ is an SRB measure.
If there exists an ergodic component ν of µ which has non-positive center Lya-
punov exponents, then by (3.4) and Lemma 3.3 we know
(3.6) hν(φ1,F u) =
∫
log | det Dφ1|Euu |dν > 0.
By Poincare´ recurrent theorem, µ-almost every point x is recurrent, i.e., there
exist tn → ∞ such that φtn(x) → x. Note that Λ does not contain any singularities
by Lemma 3.4, we have X(x) , 0. So, we get limn→+∞ X(φtn(w)) = X(x) , 0.
Observe also that Dφtn(X(x)) = X(φtn(x)). Consequently,
lim
t→+∞
1
t
log ‖Dφt(X(x))‖ = lim
n→+∞
1
tn
log ‖Dφtn(X(x))‖
= lim
n→+∞
1
tn
log ‖X(φtn(x))‖
= lim
n→+∞
1
tn
log ||X(x)‖ = 0.
This shows that the Lyapunov exponent of ν on <X> is zero. Since dimEc = 2,
ν has at most two different Lyapunov exponents along Ec, thus ν has only non-
positive center Lyapunov exponents. Therefore,∫ ∑
λ+(z)dν(z) =
∫
log | det Dφ1|Euu |dν.
This together with Lemma 2.1 and (3.6) ensures that
hν(φ1) ≤
∫ ∑
λ+(z)dν(z) =
∫
log | det Dφ1|Euu |dν = hν(φ1,F u) ≤ hν(φ1).
Thus, we obtain
hν(φ1) =
∫ ∑
λ+(z)dν(z),
which shows that ν is an SRB measure.

4. The existence and finiteness of physical measures
In this section, we will give the proof of Theorem B and Corollary A. In § 4.1,
we give the existence of physical measures. In § 4.2, we establish the finiteness
and uniqueness of physical measures by using the tool of linear Poincare´ flow.
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4.1. The existence of physical measures. According to Ruelle inequality and er-
godic decomposition theorem, we get the following result.
Lemma 4.1. [32, Lemma 3.3] If µ is an SRB measure, then for µ-almost every x,
ηx is an SRB measure.
Lemma 4.2. Let φ be the flow generated by a C1 vector field X, and let Λ be an
attractor for φ with partially hyperbolic splitting
TΛM = Ess ⊕ Ec ⊕ Euu.
If Ec is Gibbs sectional expanding, then for any Gibbs u-state µ, all its Lyapunov
exponents along Ec are positive except along the flow direction.
Proof. Let µ be a Gibbs u-state of φ. For µ-almost every point x, let v be a non-zero
vector in Ec\ < X >. We consider the plane Lx spanned by v and X(x). Since the
Lyapunov exponent along X(x) is zero, the Gibbs sectional expansion condition
implies that
lim
t→+∞
1
t
log ‖Dφt(v)‖ = lim
t→+∞
1
t
log
∣∣∣detDφt|Lx ∣∣∣ > 0.
This completes the proof. 
Now we show the existence of physical measures for flows with Gibbs sectional
expanding center.
Theorem 4.3. Let φ be the flow generated by a C2 vector field X, and let Λ be an
attractor with partially hyperbolic splitting
TΛM = Ess ⊕ Ec ⊕ Euu.
If Ec is Gibbs sectional expanding, then there exist physical measures supported
on Λ. Moreover, there exists a subset Ω ⊂ B(Λ) of full Lebesgue measure such that
for any x ∈ Ω, every ergodic component of each measure of M(x) is a physical
measure supported on Λ.
Proof. By Lemma 3.1 and Lemma 3.2, there is Ω ⊂ B(Λ) with full Lebesgue
measure such that for any x ∈ Ω, each µ ∈ M(x) is a Gibbs u-state and satisfies
hµ(φ1) ≥
∫
|detDφ1|Ec⊕Euu |dµ.
Since Ec is Gibbs sectional expanding, Lemma 4.2 implies that the Lyapunov ex-
ponents of µ along Ec are non-negative. Thus, Lemma 2.1 gives∫
|detDφ1|Ec⊕Euu |dµ =
∫ ∑
λ+dµ.
Therefore,
hµ(φ1) =
∫
|detDφ1|Ec⊕Euu |dµ =
∫ ∑
λ+dµ.
Moreover, by applying Lemma 4.2, Lemma 3.3 and Oseledets Theorem, for every
ergodic component ν of µ, there exists the finer invariant splitting Ec = Ecν⊕ < X >
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on a full ν-measurable set such that ν has positive Lyapunov exponents along Ecν.
It follows from Lemma 4.1 that
hν(φ1) =
∫
|detDφ1|Ecν⊕Euu |dν =
∫ ∑
λ+(x)dν(x).
Thus, the conditional measures along local Pesin unstable manifolds tangent to
Ecν ⊕ Euu are equivalent to the Lebesgue measures (see e.g. [7, Theorem 13.1.2]).
Since ν(B(ν)) = 1, there exists a local unstable manifold Wuloc(x) tangent to E
c
ν⊕Euu
such that Lebesgue almost every point of Wuloc(x) belongs to B(ν). Take s > 0 and
put
Ds =
⋃
y∈φ[−s,s]Wuloc(x)
W ss(y),
where φ[−s,s]Wuloc(x) =
{
φt(z) : z ∈ Wuloc(x), t ∈ [−s, s]
}
and W ss(y) denotes the strong
stable manifold of y (tangent to Ess). Observe that B(ν) is s-saturated, that is, if
z ∈ B(ν), then W ss(z) ⊂ B(ν). By absolute continuity of stable lamination (see e.g.
[30, Theorem 7.1]), we know that Lebesgue almost every point of Ds belongs to
B(ν). Thus,
Leb(B(ν)) ≥ Leb(Ds ∩ B(ν)) = Leb(Ds) > 0.
This shows that ν is a physical measure. 
4.2. The finiteness and uniqueness of physical measures.
4.2.1. Linear Poincare´ flow. In order to prove the finiteness of physical measures
for systems considered in Theorem B, one need to find local unstable manifolds
with uniform size for typical points . In the case of vector field, the main difficulty
is to control the angle between the subspace with positive Lyapunov exponents and
the direction of vector field. In order to conquer this, we next introduce the linear
Poincare´ flow. It is an induced flow of the original flow φ that the dynamics along
flow direction somehow is ignored.
For any x ∈ M \ Sing(X), we define the normal space of X(x) by
Nx = {v ∈ TxM : 〈v, X(x)〉 = 0} ,
where 〈·, ·〉 is inner product on TxM given by Riemannian metric. Denote by pix :
TxM 7→ Nx the orthogonal projection of TxM ontoNx.
Linear Poincare´ flow. For any x ∈ M \ Sing(X), t ∈ R, the linear Poincare´ flow
ψt : Nx → Nφt(x) is defined by ψt(v) = piφt(x)Dφt(v) for every v ∈ Nx. More
precisely,
ψt(v) = Dφt(v) − 〈Dφt(v), X(φt(x))〉‖ X(φt(x)) ‖2 X(φt(x)), ∀v ∈ Nx.
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Figure 2. linear Poincare´ flow
Dominated splitting for linear Poincare´ flow. Let Λ ⊂ M \ Sing(X) be a φ-
invariant set, we say that the linear Poincare´ flow admits a dominated splitting on
Λ, if there exists a ψt-invariant splitting
NΛ = E ⊕F
and constants C > 0, η > 0 such that
‖ψt|E (x)‖ · ‖ψ−t|F (φt(x))‖ ≤ Ce−ηt for every x ∈ Λ and t > 0.
Partially hyperbolic splitting for linear Poincare´ flow. Given a φ-invariant set
Λ ⊂ M \ Sing(X), then the ψt-invariant splitting
NΛ = N
s ⊕N c ⊕N u
is partially hyperbolic for linear Poincare´ flow, if there exist constants C > 0, η > 0
such that for every x ∈ Λ and t > 0,
• ∥∥∥ψt|N sx ∥∥∥ · ∥∥∥ψ−t|N cφt (x)⊕N uφt (x)∥∥∥ ≤ Ce−ηt,∥∥∥ψt|N sx ⊕N cx ∥∥∥ · ∥∥∥ψ−t|N uφt (x)∥∥∥ ≤ Ce−ηt;
• ‖ψt(v)‖ ≤ Ce−ηt‖v‖,∀v ∈ N sx ;
• ‖ψ−t(v)‖ ≤ Ce−ηt‖v‖, ∀v ∈ N ux .
Assume that Λ ⊂ M \ Sing(X) is a φ-invariant set with a partially hyperbolic
splitting
TΛM = Ess ⊕ Ec ⊕ Euu.
By taking N sx = pixE
ss
x , N
c
x = pixE
c
x, N
u
x = pixE
u
x for every x ∈ Λ, a standard
argument (see e.g. [2, Theorem 2.27]) shows that
NΛ = N
s ⊕N c ⊕N u
is a partially hyperbolic splitting on Λ for linear Poincare´ flow. Noting that
– N s(resp. N u) is uniformly contracting (resp. expanding) w.r.t. ψt;
– dimN c = dim Ec − 1.
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4.2.2. Uniform estimate on unstable manifolds. For x ∈ M\Sing(X), for any β > 0
small enough, we consider the following normal manifold of x:
Σx(β) = expxNx(β),
whereNx(β) = {v ∈ Nx : ‖v‖ < β}.
Note that for any T > 0, there exists β > 0 such that the flow φ defines a
holonomy map Px,T from Σx(β) to ΣφT (x)(β). Sometimes it is abbreviated to PT .
Similarly, we can define P−T .
The proof of the following result can be found in [17, Lemma 2.18].
Lemma 4.4. Let Λ be a compact invariant set of flow φ without singularities,
assume that Λ admits a partially hyperbolic splitting NΛ = N s ⊕N c ⊕N u for
linear Poincare´ flow. Then for any η > 0, T > 0, there exist δ > 0, β > 0 such that
for any x ∈ Λ, if
n−1∏
i=0
∥∥∥∥ψ−T |N c
φ−iT (x)
∥∥∥∥ ≤ e−ηn,
then there exists a disk Wc(x) centered at x on Σx(β) with following properties:
• Wc(x) is tangent toN c ⊕N u with dimension dim(N c ⊕N u);
• the size of Wc(x) is δ;
• limt→+∞ diam(P−t(Wc(x)) = 0.
In particular, when x is a periodic point, then the unstable manifold of Orb(x)
contains a sub-manifold of size δ with dimension dim M − dimN s.
4.2.3. Periodic approximation. Let γ be a periodic orbit, pi(γ) is the period of γ.
For any x ∈ γ, let
µγ =
1
pi(γ)
∫ pi(γ)
0
δφt(x)dt
be the periodic measure of γ.
We say that a φ-invariant measure µ is a hyperbolic if it is not supported on sin-
gularities and the Lyapunov exponents of µ is nonzero, except along the direction
of the flow.
Definition 4.1. Let γ be a hyperbolic periodic orbit, and let µ be a hyperbolic
ergodic measure of C2 flow φ, if for µ-almost every x,
W s(x) t Wu(γ) , ∅, Wu(x) t W s(γ) , ∅,
then we say that γ is related to µ
Let {ϕn}∞n=0 be a countable dense subset in C0(M,R), we can define a distance
between two probability measures µ, ν by
d(µ, ν) =
∞∑
n=0
| ∫ ϕndµ − ϕndν|
2n · supx∈M |ϕn(x)|
.
Katok [18] proves that any hyperbolic measure can be approximated by a peri-
odic measure for C2 diffeomorphisms. For the case of flow, see [22].
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Lemma 4.5. Let φ be the flow generated by a C2 vector field X. Assume that µ is
an ergodic measure which is not supported on singularities. If µ is a hyperbolic
ergodic measure, then for any ε > 0, there exists a hyperbolic periodic orbit γ such
that
• γ is related to µ;
• d(µ, µγ) < ε.
4.2.4. Complete the proof of Theorem B. In the rest of this section, Λ will be
assumed as an attractor with partially hyperbolic splitting
TΛM = Euu ⊕ Ec ⊕ Ess.
By Lemma 3.4, there is no singularity on Λ. Thus, one has the corresponding
partially hyperbolic splitting for linear Poincare´ flow:
NΛ = N
u ⊕N c ⊕N s.
The following result asserts that Gibbs sectional expanding implies the uniform
estimate of linear Poincare´ flow on center direction.
Proposition 4.6. Let φ be a flow generated by a C2 vector field X. Assume that Λ
is an attractor exhibiting a partially hyperbolic splitting
TΛM = Euu ⊕ Ec ⊕ Ess.
If Ec is Gibbs sectional expanding, then there exist η > 0,T ∈ N such that∫
log ‖ ψ−T |N c ‖ dµ < −η
for any Gibbs u-state µ supported on Λ.
Proof. By Lemma 4.2, for any Gibbs u-state µ supported on Λ, for µ-almost every
point x, we have
(4.7) lim
t→∞
1
t
log ‖Dφ−t(v)‖ < 0, ∀v ∈ Ec(x)/ < X > .
Note that if v ∈ Nc(x), then 〈v, < X >〉 = 0. By definition of linear Poincare´ flow,
one gets ‖ψ−t(v)‖ ≤ ‖Dφ−t(v)‖. Thus, (4.7) yields that for µ-almost every x ∈ Λ, we
have
lim
t→∞
1
t
log ‖ψ−t|N cx ‖ < 0.
Consequently, for any Gibbs u-state µ, we have
lim
t→∞
1
t
∫
log ‖ψ−t|N c‖dµ < 0.
So there is Tµ ∈ N and αµ > 0 such that
1
Tµ
∫
log ‖ψ−Tµ |N c‖dµ < −αµ.
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Observe that x 7→ log ‖ψ−Tµ |N c(x)‖ is continuous, there exists a neighborhood Uµ
of µ such that
1
Tµ
∫
log ‖ψ−Tµ |N c‖dν < −αµ, ∀ ν ∈ Uµ.
Recall thatMu is the set of all Gibbs u-state. SinceMu is compact guaranteed by
Lemma 3.3, one can choose finitely many Gibbs u-states µ1, · · · , µ` such that their
corresponding neighborhoods can coverMu. Let
Ti = Tµi , Ui = Uµi , αi = αµi , 1 ≤ i ≤ `.
Take T =
∏`
i=1 Ti, η = min {T · αi : 1 ≤ i ≤ `}. By construction, for any Gibbs
u-state µ, there exists a neighborhood Ui such that µ ∈ Ui. For each x ∈ Λ, we have∥∥∥ψ−T |N c(x)∥∥∥ ≤ T/Ti−1∏
k=0
∥∥∥∥ψ−Ti |N c(φ−kTi (x))∥∥∥∥ .
Combined with the invariance of µ, one gets∫
log ‖ψ−T |N c(x)‖dµ ≤
T/Ti−1∑
k=0
∫
log ‖ψ−Ti |N c(φ−kTi (x))‖dµ
=
T
Ti
∫
log ‖ψ−Ti |N c(x)‖dµ
< − T
Ti
αiTi
= −T · αi
≤ −η.
By the arbitrariness of µ, we get the result. 
The following version of Pliss lemma helps us to select good points with suffi-
cient hyperbolic property. See [26, Lemma 2.1] for a proof.
Lemma 4.7. Given C ∈ R, if {an} is a sequence of real numbers satisfying
lim sup
n→∞
1
n
n∑
i=1
ai < C,
then there exists k ∈ N such that
1
n
n∑
i=1
ai+k < C, ∀n ∈ N.
The following result provides a periodic approximation of ergodic physical mea-
sures.
Lemma 4.8. Let φ be a flow generated by a C2 vector field X. Assume that Λ is an
attractor exhibiting a partially hyperbolic splitting
TΛM = Euu ⊕ Ec ⊕ Ess.
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If Ec is Gibbs sectional expanding, then there exist η > 0,T > 0 such that for any
ergodic physical measure µ, there exists some hyperbolic periodic orbit γ such that
• γ is related to µ;
• µγ is ergodic for φT ;
• ∫ log ‖ ψ−T |N c ‖ dµγ < −η.
Proof. Since Ec is Gibbs sectional expanding, by Proposition 4.6, there exist T0 ∈
N, η0 > 0 such that
(4.8)
∫
log ‖ψ−T0 |N c‖dµ < −η0
for any Gibbs u-state µ.
Choose ε > 0 so that η := η0 − ε > 0. Since ψt is close to identity as long as t is
close to zero, there exists δ > 0 such that
(4.9) log ‖ψt|N c(x)‖ < ε, ∀|t| < δ, ∀x ∈ Λ.
Let P = {µα : α ∈ I} be the family of ergodic physical measures. We know I is
countable by the definition of physical measure.
Take any µα ∈ P, then it is a Gibbs u-state[10, Chapter 11], and thus it satisfies
(4.8). It follows from Lemma 4.2 that µα is hyperbolic. In view of (4.8) and Lemma
4.5, one can take a hyperbolic periodic orbit γα such that
• γα is related to µα;
• µγα is close enough to µα so that
(4.10)
∫
log ‖ψ−T0 |N c‖dµγα < −η0.
By the result of [31], for every α ∈ I, there exists a countable subset Tα of R such
that µγα is ergodic for φt whenever t ∈ R \ Tα. Observe that ∪α∈ITα is countable,
we can fix any
T ∈ [T0,T0 + δ) \
⋃
α∈I
Tα.
As a consequence, µγα is ergodic for φT for each α ∈ I. Moreover, estimates (4.9),
(4.10) yield∫
log ‖ψ−T |N c‖dµγα ≤
∫
log ‖ψ−T0 |N c‖dµγα +
∫
log ‖ψ−(T−T0)|N c‖dµγα
< −η0 + ε
= −η < 0.
This completes the proof. 
Now we can show the finiteness of physical measures under the setting of The-
orem B.
Theorem 4.9. Let φ be the flow generated by a C2 vector field X. Assume that Λ
is an attractor with partially splitting
TΛM = Euu ⊕ Ec ⊕ Ess.
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If Ec is Gibbs sectional expanding, then there are finitely many SRB measures
(which are physical) µ1, µ2, · · · , µk supported on Λ such that
k∑
i=1
Leb(B(µi)) = Leb(B(Λ)).
Proof. Let η > 0 and T > 0 be the constants given by Lemma 4.8. Let δ > 0 be the
constant related to T and η given by Lemma 4.4.
For any ergodic physical measure ν, by applying Lemma 4.4, one gets that there
exists a hyperbolic periodic orbit γ such that
• γ is related to ν;
• µγ is ergodic for φT and satisfies∫
log ‖ψ−T |N c‖dµγ < −η.
Therefore, the Birkhoff ergodic theorem implies that there is x ∈ γ such that
lim
n→∞
1
n
n−1∑
i=0
log ‖ψ−T |N c
φ−iT (x)
‖ < −η.
Let
ai+1 = log ‖ψ−T |N c
φ−iT (x)
‖, i ≥ 0.
By applying Lemma 4.7, there exists k ∈ N such that y = ψ−kT (x) satisfies
n−1∏
i=0
∥∥∥∥ψ−T |N c
φ−iT (y)
∥∥∥∥ < e−ηn, ∀n ∈ N.
It follows from Lemma 4.4 that there is a disk Wc(y) at y with dimension dim(N c⊕
N u) and size δ. Moreover, diam (P−t(Wc(y))) → 0 as t → ∞. Because ν is an
ergodic SRB measure which is s related to γ, there exists a Pesin unstable manifold
Wuloc(z) such that
(1) Lebesgue almost every point of Wuloc(z) belongs to B(ν);
(2) Wuloc(z) t W
s(γ) , ∅;
(3) Wuloc(z) ⊂ supp(ν).
Moreover, from Item (1), up to considering the iteration of z under the flow, we may
assume that Wuloc(z) t W
ss(y) , ∅. By applying λ-Lemma(see e.g. [12, Theorem
5.7.2]), there exists T0 > 0 and a sub-disk D0 of Wuloc(z) so that Dδ := φT0(D0) is
C1-close to Wc(y) with radius δ. Following Item (2) and the invariance of B(ν),
Lebesgue almost every point of Dδ belongs to B(ν). Consider the set
D̂ν,δ =
⋃
x∈φ[0,δ]Dδ
W ss(x),
where φ[−δ,δ]Dδ = {φt(z) : z ∈ Dδ, t ∈ [−δ, δ]}. The absolute continuity of stable
foliation implies that B(ν) has full Lebesgue measure in D̂ν,δ. Since the size of D̂ν,δ
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is bounded below by a constant independent of ν, there is ζ > 0 independent of ν
so that
Leb(B(ν)) ≥ ζ.
As a consequence, we know there are finitely many ergodic physical measures.
By Theorem 4.3, there exists a subset Ω ⊂ B(Λ) of full Lebesgue measure such
that for any x ∈ Ω, for any µ ∈ M(x), every ergodic component of µ is a physical
measure. By the above argument, the number of these ergodic physical measures
is finite. Denote these physical measures by A = {µ1, · · · , µk}. To show the basin
covering property, it suffices to check the following claim:
Claim 4.10. For any x ∈ Ω, there exists i ∈ {1, 2, · · · , k} such thatM(x) = {µi}.

Proof of Claim 4.10. According to the above argument, for each µi ∈ A , one can
find an open subset Ui := intD̂µi,δ such that
(I) Leb(Ui) = Leb(Ui ∩ B(µi)),
(II) Ui ∩ supp(µi) , ∅ (recalling Item (3)).
Take any µ ∈ M(x). By Proposition 2.3, there exist αi ∈ [0, 1], 1 ≤ i ≤ k such
that
µ =
k∑
i=1
αiµi,
k∑
i=1
αi = 1.
We first prove that there exists some i ∈ {1, 2, · · · , k} such that µ = µi. By contra-
diction, there exists i, j ∈ {1, 2, · · · , k}, i , j such that αi > 0, α j > 0. By (II), one
can choose y ∈ supp(µi) ∩ Ui and z ∈ supp(µ j) ∩ U j, then y, z ∈ supp(µ). By then
construction of µ, φt(x) visits any fixed neighborhoods of y, z for infinitely many
times. As a result, there is t0 > 0 such that
φt0(Ui) ∩ U j , ∅.
Then the invariance of basin and (I) imply B(µi) ∩ B(µ j) = ∅, so µi = µ j, which
contradicts to our assumption.
Now we suppose µl, µm ∈ M(x), following (I), with the same argument one can
deduce that there exists t1 > 0 such that
φt1(Ul) ∩ Um , ∅.
Applying (II) again, we get µl = µm, i.e., l = m. This completes the proof.

Now we prove the uniqueness of SRB(physical) measures under the assumption
of transitivity.
Proof of Corollary A. By Theorem B, there exist finitely many SRB(physical) mea-
sures µ1, · · · , µk supported on Λ, whose union of basins cover a full Lebesgue mea-
sure. Moreover, for each µi, 1 ≤ i ≤ k, there is an open neighborhood Ui containing
points from Λ, it satisfies that Leb(Ui) = Leb(Ui∩B(µi)). Then the transitivity of φ,
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and invariance of basins implies that there exists only one SRB(physical) measure
supported on Λ with basin covering property. 
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